


(Hei)a = ZHabcib
b
= ZHab(Z:'szvzi - '77)
= ZHab (2iBz2 2pv)2 ZHabE (2p(2'2)v)

= Z Hop(v}H(EH' za' H(H} x)v)H'z;) — > HuE((Hj x)(z' HH'z)v)
b

b
- x;A*(Em'«A*) 2)0)A" "z, — B A (A "), 2)v)

— Z Dapap)v)A ey — (m’A_lx(Z(A_l)abxb)v)
b b

= AT (AN ade,) A — (A7)0 A" + 0p(1)
b

Hziziy = Hziz(E(2'2)2v)
= HH'zjzHE(H'zv(x’ HH'z))
= A 'zl AT'E(’ A7 z)xv
= Azl AT+ op(1)

= @;HH'(Bxa'()  HuHjx)v)HH'z; — BE(x'HH'z(Y | HapHy. x)v)
b

The new notation is described below (24).

A.7 Computing Expectations and MSEs

Let X be the usual n x K matrix from stacking the z} vectors. The estimators each can be expressed in the
form )", f(X, x;)y;, where the K-element vector function f is

f(X, @) (X' X) "z for b
= (X'X)7! ( +pizi — (3, @ja)p;;) (X' X) 7! ) for by
= (Syemte) (L +pi) for bes
= (Z zjzi (1 —pjj)~ 1) zi(1—pj;) " for bes
= 20X = B (05 2y as) ™ Sy 2 11(85) = 1]) o b

where B is the number of bootstrap samples, ¢ indexes the bootstrap sample, j indexes the observations in
the bootstrap sample, and (£j) equals *, say, if the jth observation in the ¢** bootstrap sample is chosen to
be the (i*)*" observation in the original sample.

Let the conditional moments be E(y;|x;) = p(x;) and Var(y;|z;) = o%(z;). Then the conditional moments
are

E(B)X) Zfsz
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Var(B|X) = E ((B — E(B1X))(B - E(BIX))’IX)

E (Z FOX @) (yi — p(:)) D> F(X,25) (y; — N(%’)))

J

> HX ) f(X, i) 0% ()
The unconditional expectation is then
E(B) = Ex(E(B|X))

where F'x denotes expectation over X. The unconditional variance is

Var() = E(6 - E(8)(5 - E@®B))
= B(B- BEX)+BGIX) - B@) (8- BEX) + EGIX) - BE@)
= Bx (By(5 - E(BIX) + B(3IX) - E(8))(5 - E(BIX) + E(3|X) — E(8))'|X)
= (Bx(By(3 - E(BIX)(B - BGIX))|X)) + (Ex(B(31X) - E(3)(E(31X) - E(B)))
= Bx(Var(3)|X) + (Ex(BE(3|X) - E(B)(E(BIX) - B(@))')

Similarly,

MSE(8) = Ex (Var(8)|X) + (Ex(E(B1X) - B)(E(31X) - B )
These results can be used to approximate E(3), Var(3), and MSE(j3) by averaging across simulated X’s to

estimate the Ex operation. It is not necessary to simulate the y’s.

A.7.1 Results for Section 5.1: = takes only two values

The set of possible X’s is small enough that the bias and RMSE results can be computed directly without
simulation. Let the possible values of z be x(;) and x(5), which occur in the population and the sample with
Pr(z = x(;)) = p(j)» j = 1,2. Let the conditional means and variances of y be y ;) and 0(2].). Since the order

of observations is irrelevant, then X is fully described by n and p(;), which is the proportion of z;’s in the

sample that equal x(;). For each of the n + 1 possible values of p(;): 0, %, %, R "T_l, 1, compute conditional
moments
2
E@Blpay,n) = Y By nzi)ng (nb))
=1
12
Var(Blpay.n) = Y f(Baym ) ol (b))

=1

36



where, from the definitions in Section 3.1

fBaynzig) = n tABa) e for b
= nrA(P)) gy +n 2 A(B)) (m?j) Egg;)x ) for bey

_ R L, B(p -1
= o7t (AGa) +n ' GEED)  (20) + 0T AGw) ') for be

= nlC(p) ! (x(j) /(L =t A())~ for bes

Y
= 27 AGw) e — eGP g, Pr®w by n) ABm) b for broor

where
A(Pa)) = 15(1)‘”?1)+13<2)$(22)
B(bw) = Dzl +De)T(
~ 2 N 2
A (1).’E(1) p(2)$(2)
Clpu) = + 5
. L= n~tad,) A(p) ™ L= n=taty Apw) ™
p = 1-7pq)

Since A cannot be singular in this example, bc1 = be1,ar and bpoot = bpoot,ps. The above expression for byoot

is derived later in this Section. Because of the iid sampling, p(;) follows a binomial distribution:

yeee ,1
n

2 n—1
el

S|

A n A A o
Pr(p)lpay,n) = < N > (np(1))P® (n(1 — Pp(1)))P® , Py =0,

TP(1)

For large n, computational problems were avoided by calculating these probabilities recursively using

Pr(pa) = 0lpr),n) = (1 —p))"

and

A~ _ . 1 _ﬁ p
Pr(p) +n”"lpay,m) = Pr(blpay,n) ( = ) < » >

pay+nt) \1-pa)

The moments are then computed as

E(B) = ZPrp(l B|p(1)

P(l)

Var(8) = > Pr(puy)(Var(Blpa)) + (E(Blp)) — E(B))?)
(1)

MSE(8) = Y Pr(pw)(Var(Blpw)) + (E(Blp)) — B)°)
(1)

The f(pq),n,z(;)) expression for by,.: given above follows from bp in (12) being the expectation of OLS
under iid sampling from the empirical distribution. Let ﬁ(l) be the proportion of observations in a bootstrap

sample having x;; = z(;), and compute Pr(ﬁ(l)hﬁ(l),n) in the same way as the Pr(p()|p(1),n)’s described
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earlier. Then applying the procedure just described for b to the empirical distribution gives

E(bvootlp(1) = 1ys () = i) ZPr Py n) | Y (0 Ab)) @) inb )
P(l) J

where fi(;) = Z{ilzizz(j)} yi/(np(jy). Therefore

E(bboot [P(1) = D1)s H(j) = f(j)s ™)

= Y Pr(pwlpayn) | D (T ABa) ag))nbg) > yi/(nbg))

5(1) J {ilei==z;)}
= ZPrpu Pay,n) > (n AGBw) w0/ Bi) (D> vi)
D1 J {ilzi=z(;)}

= Y f8(pay,nz(h))vi

where fp(p(1),n, 2(j)) = 25(1) Pr(ﬁ(1)|ﬁ(1), n)n_lA(ﬁ(l))_1x(j)(1§(j)/(ﬁ(j))). Values of zero can occur in the
denominators in the computations for b.3 and by.0¢, but they always have zero-probability outcomes, so
they can be replaced with an arbitrary non-zero number. Finally, assume that the number of bootstrap
replications is large enough that the bootstrap sampling error, bg — E(bpoot Py = D1y, () = fi(j),n), can

be ignored.

A.8 The ncp used in Sections 5.1.4 and 5.1.5

Test the restriction Sy = 0 in the augmented model y = By + 8 + v* using a Wald test, allowing Var(v*|z =
:c(j)) = 012- to depend on z. Under the local alternative 3y = n~ /27 for some fixed 7, the asymptotic

distribution of this Wald statistic is noncentral x? with an ncp

72

nepy = —————
P AVar(n/23,)

where, with z(;) = 1 and z(3) = q,

_ a —
Bo=n"12r = —g;_?
AVar(n'?8y) = ((p+ (1 - p)a®)*(po? + (1 — p)o3)

—2(p+ (1 —p)a)(p+ (1 — p)a®)(poi + (1 — p)ao3)
+(poi + (1 —p)a®a3)(p+ (1 —p)a)®)/(p+ (1 —p)a® — (p+ (1 — p)a)*)?

and Bo is the OLS estimator of the intercept.
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A.9 The ncp used in Sections 5.2 and 5.3

Under the local alternative § = n—'/27 for some fixed 7, the asymptotic distribution of a heteroskedasticity-

consistent Wald statistic is noncentral y? with non-centrality parameter

72

nep = ——————
P AVar(n'/20)

where AVar(n!/20) is element (3,3) of E(Z%') " E(Z%'u®)E(Z%') ' and T = [1 z* (z*)2]' is the regressor vector
from an augmented linear regression model described earlier.  is the third element of E(ZZ') "' E(Zy). The
moment result Ez” = r!¢” for x an exponential random variable with mean ¢, lead to the moment matrices

given below. Set §; = 0 with no loss of generality.

1 Py +pP@e  2(pa) +p@)a’)
B3E = | paytpeae 200 tpee’)  6(pa) +pee®)
2(pa) +p)a?) 6(pa) +p2)a’) 24(pa) +p2)at)

ETy = p2)B2 | 2a®
6a3

Element (b, ¢) of the 3 x 3 matrix EZ7'u? is given by
E(g;*)ru2 = r!(p(l)a?l) +p(2)a(22)a7”)

where 7 = b + ¢ — 2. The size of the ncp is controlled by adjusting (3s.
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